Abstract: A reverse time problem is considered for a semi-linear parabolic equation. Two-sided estimates are obtained for the norms of values of a nonlinear operator in terms of the norms of values of the corresponding linear operator. As a consequence, two-sided estimates are established for the modulus of continuity of a semi-linear inverse problem in terms of the modulus of continuity of the corresponding linear problem.
Introduction
The article examines the reverse time problem for a semilinear parabolic equation. V. K. Ivanov, V. N. Strakhov, and their disciples and followers developed the theory and worked out the technique to obtain error estimates for approximate methods of solution of linear ill-posed problems on compact sets (correctness classes) (see, for example, [2, 3, 6] ). This theory naturally introduces the concepts of optimal and order-optimal approximate methods of solution of unstable problems. The relevant concepts were introduced for nonlinear ill-posed problems as well (see, for example, [9, 10] ) Various methods for solving nonlinear ill-posed problems were considered, for example, in [1, 5, 7, 8, 11] .
For linear ill-posed problems the technique for computing the error of optimal regularization method on a correctness class is based on the connection between the error of the method and modulus of continuity for the inverse operator, which can be calculated for each operator and each correctness class M by means of the spectral technique [3, 6] . For nonlinear problems, the connection between the error of the method and the modulus of continuity for the inverse operator is also present; unfortunately, there seems to be no known method for calculation of the modulus of continuity on correctness classes.
To the best of our knowledge, this paper is the first one to use the Volterra property of the operator corresponding to the reverse time problem to obtain two-sided estimates for the norms of values of a non-linear operator in terms of the norms of the values of the corresponding linear operator. This allows us to get two-sided estimates for the modulus of continuity for the semi-linear inverse problem on correctness classes through the modulus of continuity for the corresponding linear problem, for which the calculation technique is well-known.
1. An estimate of the modulus of continuity for the semi-linear inverse problem 1.1. "Forward" problem for a parabolic equation
Consider an initial boundary value problem for a parabolic equation. That is, the function
is to be determined from the following equations:
where
is a mapping that is Lipshitz continuous in v and the Holder continuous in t:
, where the constants L, K do not depend on t, 0 < α < 1 . Let X n (x) denote the eigenfunctions of the Sturm-Liouville problem
corresponding to the eigenvalues µ n = −λ 2 n and forming a complete orthonormal system in L 2 [0; l]. Problem (1.1) is equivalent to the integral equation
Consider the initial-boundary value problem for the linear parabolic equation corresponding to problem (1.1). Namely, the function u(
Problem (1.3) has a unique solution, which can be represented in the form
Here, ϕ n = l 0 ϕ(x)X n (x)dx are the Fourier coefficients of ϕ(x) with respect to the orthonormal system of functions X n (x) (see, for example, [4] ). 
P r o o f. It follows from equalities (1.2) and (1.4) that
Thus, taking into account the Lipshitz continuity of f , we obtain the inequality
The estimate below follows from (1.6) by the Gronwall lemma:
From equality (1.5), we can also obtain the following:
hence, taking into account the Lipschitz continuity, we get
Moreover, in view of (1.7), inequality (1.8) implies that
(1.9)
From (1.9), by the Gronwall lemma, we have
The statement of lemma follows from inequalities (1.7) and (1.10). The following theorem holds.
The inverse problem for a parabolic equation
Theorem. There exists δ 0 > 0, such that for all 0 < δ < δ 0 the following inequalities hold:
We estimate the value ω(M, δ) using the inequalities obtained in the lemma.
Find the upper estimate of ω(M, δ). Write inequality (1.10) for t = T :
Therefore, the conditions ϕ 1 , ϕ 2 ∈ M , χ 1 − χ 2 ≤ δ implies that χ 1 −χ 2 ≤ δ 1 , where
Thus, by definition of the modulus of continuity
ω(M, δ) ≤ω(M, e LT e LT δ).
Find the lower estimate of ω(M, δ). Write inequality (1.7) for t = T :
Denote δ 2 = e −LT δ. Taking into account the inequality above, we see that the conditions ϕ 1 , ϕ 2 ∈ M χ 1 −χ 2 ≤ δ 2 imply that χ 1 − χ 2 ≤ δ. Hence, by definition of the modulus of continuity,
ω(M, δ) ≥ω(M, e −LT δ).
This completes the proof.
